Chapter 6 Applications of Deñnite Integráis 


>) Washer: V = V,+V 2 

Vi = £ J ([Ri(x)l ! - [ri(x)] 2 ) dx with Ri(x) = and ri(x) = 0; ai = -2 and bi = 0; 

V 2 = J% ([R 2 (x)] ! - [i5(x)P) dx with R 2 (x) = and r 2 (x) = y/x; a 2 = 0 and b 2 = 1 

i) Shell: V-J>(-£) ( dy = J^iry dywhere Shell height = y 1 - (3y ¡ - 2) = : 


Vi = j* x[Ri(y)] 2 dy, i = 1,2,3 with Ri(y) = 1 andci = -1, di = 1; R 2 (y) = y/yandca =0andd 2 

(b) Washer: V = Vi + V a 

V, = £x([Ri(y)) 2 - [r,(y)] 2 ) dy, i = 1,2 with R,(y) = 1, n(y) = y/y, Ci = 0 and d, = 1; 

(c) Shell: V = / i *2x(^) (^i)dx = J^2irx(^,)dx, where sheU height = x 2 - (-x 4 ) = x 2 +x 4 

(a) V = /V[R 2 (x| - í (x)l dx = /\r [(v/ST^)* - (3) 2 ] dx = *£ [25 - x* - 9] dx = * £ (16 - 

= - 3*’] ‘-4 = *(« - ?) - ar(-64 + ?) = 2? 

(b) Volume of sphere = jx(5) 2 = 




v = f.' 2 ’ (“«) (,££,) <1* = J>* (“7* + = 2 *fi (-“« ! + = M"!* 3 + 5" ! ló 

v = f‘ 2 ’(^L) (^,) d y = X' 2 ’'y[y ?rr 7-(-v/^^Jdy= 4 'X'yv í3Tr ? rd y 

[u = r 2 - y ! =4- du = -2ydy; y = 0 => u = r 2 , y = r => u = 0] -2irf° ^ñdu = 2*/ o u 1 / 2 du 
= ¥[" 3/2 ]o = 





u = 10] -* L = Jj u 1 ' 2 (‘ du) = J [| u 2 ' 2 ]“ 
i (lO/IO-l) 

= y2 _ W =* (&) = y ‘ _ i + ^ 

L= XV 1+y * ~ j + w dy 
XV^+jf ) 2 d y=/.’(y : ' + ^) d y 

= b-b-^(ir = i(y-2 +í ) 


í'\/¡(y+ 2 +i) d y = ÜiJi/y+jiY d y 

iJT& w +r w )^-iG^ , +^i: ^ 

= y 3 - ^ =*• (#) = y 6 - í +15" 

L= XV 1+yt_2 + w ,dy 

* f) 
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= t-w =*■ (|) , = i& 4 -í+r‘) 

» l = XVi + i(y*-i+y-*)<ly 

XV‘< yl + 2+>, ”‘> dy 

: íXV< yí+y " , ) J dy = í XV+y“ s ) dy 

■ I[í-»-■]*-i [(?-1)- »-i>] - i (¥ - S + » 

= x 1 * - Ja- 1 / 1 =» (g) ¡ = _ i + ££ 

.XY^+s+tt* 

XV^+i*-'*)** = /.V* +! X_1/3 I * 

: [J x‘/ a + ¡X^;-| [ 2 x^ + X 2 / 3 ] J 
|((2• 2 1 + 2 a ) - (2 + 1)] = ¡ (32 + 4 - 3) = ? 


= X 2 + 2x + 1 - (¿ x *4y = X 2 + 2x + 1 — ¿ 



» L = X* \/t + (i + x)‘ - J + !ü¡fl dx al 

: XVd+Xi' + í + ^dX —V= 

d, 

. L= X‘(n 2 + Ja’ 2 ) <tu = [$ - JlT*]’= (9- ¿) - (J - J) = 

= V«c*y-i =*■ (g) 2 = s~* y -i 

* L = XI," V1 + (sec* y — 1) dy = f'^sec 2 ydy 




L = f;‘ /\ + (3x 4 - 1) dx = 


/ 
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= / 0 " \/2cosxdx = v/2[sinx]J /a = v^2sin(J) - v^sin(O) = 1 


= =fX.\ <■*= &JS+ == fe **=i [^] U. 

= l(l) 2/3 - i(t) 2/3 = 2 - l(í) = 1 =* «X» 1 *“** = *(l) = 6 
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31. y = 2x 3 ' 2 =■ I = l*}' 2 ; L(x) = 1 + [St'/^dt = /J'v'l+Wdt; |u = 1 + 9t => du = < 

t = x=>u=l+9x]->J f'^yUda = ¿ [u’A] ; +5 > = ¿(1 + 9x) 3 ' 2 - L(l) = ¿(10) 



r) - (5 _ i) = + *) 3 



with( Sludent[Calculus 1 ] ); 


N := [2,4,8 J; 

xx := (seq( a+i*(b-a)/n, i=0..n )]; 
pts := [seq([x.f(x)].x=xx)l; 

Lsimplify(add( distance(pts[i+ll,pts(i]). i=l..n )); # (b) 

T := sprintf("#33(a) (Section 6.3)\nn=%3d L—%8.5f\n", n. L ); 

Pin] := plot( [f(x),pts], x=a..b, title=T ): # (a) 


display( [seq(P[n],n=N)J, insequence=true, scalinj 


Cleartx, f] 

{a,b} = (—1,11; í]xj = Sqrt[l —x 2 ] 




pl = Plot[t]x], (x, a, b) ] 


pts = Table[(xn,f(xn]}, (xn,a,b,(b-a)/n}]//N 
Show [ (p 1 .Graphics! (Line[pts¡} 1} 1 

Sum[ Sqit[ Cptslli +1,1]]- pts[[i, I]]) 2 + (pts[[i +1,2]]- pls[[i, 2]]) 2 ], {i, 1,n)] 
NIntegrate! Sqn[ 1 + f [x] 2 ],)x, a, b}] 






Chapter 6 Applications of Deñnite Integráis 


g = l+ y -/’= > (|) í =(l+y-/ J ) 2 
=> S = 2 tt /, ! (y + 20r) ,/t + (1 + y'A) 2 d 



=► s = 2 ’ r ir'(/. , ' an,dl ) t/T+í^ydy 

= 2irJ o ^(^tantdt) secydy 



=5- S = 2a Jj' (j> - 1 dt) yi + (x ! - l)dx 

= 2*/, V, (Í^Tdt)sdx 



=j ; s=- *=^(í) 




ce = 2ir(2), slant height = s/4 2 + 2 2 = 2^5 


a) (2V^5) = 4 ít\/ 5 in 


, = | =* x = 2y =* g =2;S = /^ax^1 + (g)" dy = / t ¡ 2a ■ 2y^l + 2¡ dy = 4a£y dy = 2a^5MJ 
!(8a)(2 % /5) =8av^in 


11. g = };S = J'l*y\jl + (%y **= ^ v/l + (í) ! dx = =# J‘(x + 1) dx = [?+x]’ 

= 3/! [(’ + 3) - (J + 1)] = f^I (4 + 2) = 3*1/5-, Geomeny fonnula: n = J + J = l,o = | + 5=2. 
slant height = i/(2 - l) 2 + (3 - 1)- = 1/5 => Frustum surface atea = a(ri + r 2 ) x slant height = a(l + 7)i/5 


12. y=f+j => x = 2y — 1 => g = 2;S = £l*x^l + (g)’ dy = J\*(2y - l)v/I + 4 dy = 2x^5 f‘(2y-l) dy 
= 2 *y/5 [y 2 - y]í = 2a i/5 [(4 - 2) - (1 — 1)] = 4a\/5; Geometry fonnula: rj = 1, r 2 = 3, 











356 Chapter 6 Applications of Deñnite Integráis 


18. x = (3 y 2/2 - y 1 ' 2 ) < 0. when 1 < y < 3. To get positive 
arca, we lake x = — y 3 * 2 - y i/2 ) 

=> # = -i(y ,/I -y- ,/2 ) ^ (|)’ = J(y-2+r‘) 

=> S = -f'2xQy , ' 2 -y 2 ' 2 ) ^1 + ¿ (y - 2 + y-') dy 

= 3y 3 ' 2 - y in ) v/í(y+ 2 + y _l )<*y 



= - 2 */,’(j y 3 ' 2 - y 1/2 ) d y = -< r /.V* (í y -1) (y 1/2 + ^)¿y=~* i)<y+Dd y 

—*rGy*-íy-»)4y—K¥-i-s)-0-i-i)]í+ »+i) 

= -;(-i8-i + 3)=i? 

= 4* rv^-y = —4* B <5 - y) 3 ' 2 ] o“' 4 = - ¥ [(* - ¥) v¡ - s 3 ' 2 ] = - ¥ [(I) 3/2 - s^] 

= ¥ (5v^- ¥) = T ( *°' /5 ,- 3 ' /5 ) = 

2°- $ = 73FTT => (i) 2 = 2FT =» S = X',2>rV2y^T ^1 + ^ dy = 2a/,',^(2y- 1) + 1 dy = 2x/ 1 ' 1 v^y 1 ' ! dy 

= 2x^[ 2 y 3 ' 2 ]^ = W? [l 3 / 2 - (|) 3/2 ] = i? 3 (l - ¡$) - ^ = h (l«v/2 - Sy/s) 



= 2ir /^v/^fly = 23/2* Stfjf* = 2 V^* [j y 3 ' 2 ]i, = 2^2» [(¡V^ 5 ) - (j\A¡j 1 )] = 2 \/2* (¡ - ^5) 

22. y = j(x a + 2) 3 ^ 2 =» dy = x\/x 2 + 2dx — ds - ^/l + (2x 2 + x*) dx => S = 2irf 0 ' x\/l + 2x 2 + X a dx 
= 2*/ i V %/(x 2 + l) J dx = 2x/;’x(x 2 + 1) dx = 2x/;’(x 3 + x) dx = 2* [* + * ] f = 2* (J + |) = 4* 


23. d S = ydx 2 +dy 2 = y(y>-^) 2 +ldy=^(y«-J + 1 ^)+ldy=^( ) i« + J + I ^)dy 
= V (y 3 + J?) ! 4y = (y 3 + jl.) dy; S = f^2ry ds = 2xJ|’y (y 1 + ¿,) dy = 2nJ‘(y 3 + i y" 2 ) <*y 



= 271 a]a — (—a)] = (2ira)(2a) = 4xa 2 
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Chapter 6 Applii 



the oil in ihis slab, AW, is 57(10 - y)¡r(í)\ The work to pump all the oil to the top of the tank ¡s 
W = (lOy 2 - y 2 )dy = - £ ] “ = ll,875ir ft • Ib a 37,306 fl • Ib. 

halffull and the volume of the original cone isV = = jir(5 2 )(10) = ^yl f^.halflhe volume = ft 2 , and 

withhalfthevolumetheconeisñlledtoaheighty, 2^2 = \it\y =$ y = \/500 ft. So W = ^(My 2 - y 3 )dy 

= 5JI [ '4f. - £] ' /5 “ x 60,042 ft • Ib. 

— ir -100 Ayft 3 . The forcé F required to lift the slab is equal to its weight: F = 51.2 AV = 51.2- lOOtrAylb 
=> F = 5120tr Ay Ib. The distance through which F musí act is about (30 - y) ft. The work it takes to lift all the 
kerosene is approximately We¿ AW = fj) 5120^(30 - y) Ay ft - Ib which is a Riemann sum. The work to pump the 
tankdiyisthelimitofthesesuins: W = ^”5120a(30-y)dy = 5120tr [30y- £] o = 5120ir(2°2) = (5120)(450a) 




w =X" 5 ^ < 10 - y» 2 <*y = [¥ - í]‘ = *¥= - í) = (^T 1 ) <* s > (y - 2 ) 

= = 21.5a • 8 3 sa 34,582.65 ft - Ib 

w=X‘ 5 ?< l3 -^ d y=¥ [¥ - í]*= T ("-?) = (t)(8 S K¥-2) = =5P 

= (19ir) (8=) (7)(2) sa 53,482.5 ft - Ib 

19. The typical slab between the planes at y and y+Ay has a volunte of about AV = n(radius) 2 (thickness) = a(^/y) 2 Ayft 3 . 
The forcé F(y) required to lili this slab is equal to its weight: F(y) =73 • AV = 73a (^/y) 2 Ay = 73ayAy Ib. The 

approximately AW sa 73a y (4 - y) Ay ft • ib. The work done lifdng all the slabs ftom y = 0ftloy = 4ftis 
w = JT 73 *y < 4 _ = 73,r /„ 4 - y 2 )^=73* [2^ - ^ y 3 ] ¡ = 73*(32 - ?) = 2^ « - ib. 


20. The typical slab between the planes at y and y+Ay has a volunte of about AV = (length)(width)(thicknes? 
= (2^/25 - y 2 ) (10) Ay ft 3 . The forcé F(y) required to lift this slab is equal to its weight: F(y) = 53 - Al 
= 53 (2^/25 - y 2 ) (10) Ay = 1060^/25 - y ; Ay Ib. The distance through which F(y) must act to lift the s 

AW sa 1060^25 - y'(20 - y)Ay ft - Ib. The work done lifting all the slabs ftom y = -5fttoy = 5ft 

W = 1060^25 - y 2 (20 - y)dy = 1060 f’j 20 - y)y/25 - y ! dy = 1060 J/’20 ^25 - y 2 dy - /’ y 

f* 20^/25 - y'dy = 20 J^/2S- y 2 dy = 20[Ja(5) ! ] = 250tr. To evalúate the second integral let u = 2 
=5- du = -2ydy;y = -5 => u =0,y = 5 =>u = 0, thus /"y -J2í - y 2 dy = -■ /" y/üdu = 0. Thus, 
10601Z’,20 V25 - y'dy - y t/25 - y'dyj = 1060(250ir - 0) = 265000tr sa 832522 ft - Ib. 


= a (^/25 - y 3 ) 2 Ay m 3 . The forcé F(y) required to lift this slab is equal to its weight: F(y) = 9800 - AV 
= 9800a (\/25 - y z ) 2 Ay = 9800tr (25 - y 2 ) Ay N. The distance through which F(y) must act to lift the 

AW sa 9800a (25 - y 2 ) (4 - y) Ay N • m. The wotk done lifting all the slabs ftom y = -5mtoy = 0mis 
approximately W ¡a ¿ 9800a (25 — y 2 ) (4 - y) Ay N - m. Taking the limit of these Riemann sums, we get 
W = /"9800a (25 - y 2 ) (4 - y) dy = 9800a /" (100 - 25y - 4y 2 + y 3 ) dy = 9800a [lOOy - f y 2 - | y 3 + £] 
= -9800a (-500 - + 3 .125 + sa 15,073,099.75 J 


22. The typical slab between the planes at y and y+Ay has a volunte of about AV = a(radius) 2 (thkkness) 

= a 100 - y') 2 Ay = a (100 - y 2 ) Ay ft 3 . The forcé is F(y) = • AV = 56a (100 - y 2 ) Ay Ib. The 

distance through which F(y) must act to lift the slab to the level of 2 ft above the top of the tank is about 
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= 124.8 f-‘(-5y - y 2 ) dy = 124.8 [- | y 3 - i y 3 ] i'= 124.8 [(- |. 4 + ! ■ 8) - (- | ■ 25 + 1 -125)] 

= (124.8) (M - !IZ) = (124.8) ( 3li ¡ ;M ) = 1684.8 Ib 

L(y) = 2x = 2(y + 3). The depth of the strip is (2 - y). The forcé exerted by the water is 
F = /_“w<2 - y)L(y) dy = 62.4 • (2 - y) ■ 2(3 + y) dy = 124.8(6 - y - y 2 ) dy = 124.8 [6y - f f ^ 

= (—124.8) (—18—|+9) =(-124.8) (-3*) = 1684.81b 


(a) The width of the strip is L(y) = 4, the depth of the strip is (10 - y) =+ F = J^w • (^*)F(y)dy 

= 62.4(10 - y)(4)dy = 249.6/„’( 10 - y)dy = 249.6 [lOy - f] 0 = 249.6(30 -1) = 6364.8 Ib 

(b) The width of the strip is L(y) = 3, the depth of the strip is (10 - y) =. F = /, w - (¿¡* )F(y)dy 

= 62.4(10 - y)(3)dy = 187.2 f‘(10 - y)dy = 187.2 [lOy - ?] 0 = 187.2(40 - 8) = 5990.4 Ib 

The width of the strip is L(y) = 2^/25 - y 2 , the depth of the strip is (6 - y) => F = f ^],^F(y)dy 
= f’ 62.4(6 - y) (2^25 - y'Jdy = 124.8(6 - y)V25 -y'dy = 124.8 ^6 v/25 - y'dy - f’ y ^25 - y'dy] 

f,’ 6 / 25 - y 2(J y = sfaV 25 - y'dy = «[j*(5)'] = ^ To evalúate the second integral let u = 25 - f 
=> du = -2ydy; y = 0 =» u = 25, y = 5 => u = 0. thus y ^25 - y'dy = u'^du 

= iju 3 / 2 ] “ = !2í. Thus. 124.8^6^/25 - y'dy - f* y ^25 - y'dy] = 124.8(2f — i|5) = 9502.7 ib. 


00 F = £w(l - y)L(y) dy = f°62.4 ■ (1 - yXy + 4) dy = 62.4 fj4 - 3y - y 2 ) dy = 62.4 [4y - f ° ^ 
= (-62.4) [(—4X4) -IMLÍÍ + w] = (—62.4)(-16 - 24+ f) = t-»«K-i»+M 1 = i 164.8Ib 
(b) F = (-64.0) [(-4X4) - 20® + «] = t-M0»-iMt64) 1I94/7 lb 


^ x = ^ and L(y) = 2x = 4 - y. The depth of the 
strip is (1 - y) =6 F = / o 'w(l - y)(4 - y) dy 
= 62 4 fo (y* ~ 5 y + 4) dy = 614 [f - %■ + 4y] ‘ 

= (62.4) (> - | + 4) = (62.4) (í^l|±3f) = «“£!> = 
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of the slrip is (33.5 - y) => F = J"”w(33.5 - y)Uy) dy 
= /„”$ - (33-5 - y) ■ 63 dy = (g) (63)/” (33.5 - y) dy 
= (w) («3) [33.5y - í] ” = (*}£) [(33.5)(33) - 2*] 




(a) F = (62.4 £)(8 ft)(25 ft 2 ) = 12480 Ib 

(b) The width of the strip is L(y) = 5, the depth of the strip is (8 - y) => F = ■ (¿^)F(y)dy 

= / 0 i 62.4(8 - y)(5)dy = 312/„’(8 - y)dy = 312[8y - ¿] ’ = 312(40 - f) = 8580 Ib 

(c) The width of the strip is L(y) = 5, the depth of the strip is (8 - y), the height of the strip is t/2 dy 

=*■ F = ' (^S,)F(y)<*y = r /,/3 62.4(8 - y)(5)v/2dy = 312^- y)dy = 312^/2 [8y - £] ^ 

The width of the strip isL(y) = y), the depth of the strip is (6 - y), the height of the strip is -?-dy 

=> F = - (j$,) F (y)dy = 62.4(6 - y) - í (2^3 - y) ^.dy = ^(12^3 - 6y - 2y,/3 + 7)dy 

= [l2yv/3 - 3f - yVJ •+ ¿] ^ (72 - 36 - 12^ + 8^) « 1571.04 Ib 


(a) The depth of the siripis (2-y) so the forcé exertedby the liquidon the gateisF= f w(2-y)L(y)dy 

= X'50(2 - y). 27ydy = 100 /.‘(2 - y)^dy = ¡0of o '(2y>^ - y*') dy = 100 [? yV» - ¡ yW»] J 
= 100 (?“?) = (™) (20 — 6) = 93.33 Ib 

(b) We need to solve 160 = / o 'w(H - y) • 27y dy for h. 160 = 100 (?£-?) =s H = 3 ft. 


where F_ = 6667 Ib. Henee, F»„ = w £ (h - y) ■ ? y dy = (62.4) (¡)f‘ (hy - y 1 ) dy 
= (62-4) (?) [¥-?]“ = («2-4)(?) (?-?)= («2-4) (?) (?)h s = (10.4)(?)h’»h= ^(Dfe) 



= ^(1) (ÍS?) “ 9288 fl - Tile volume of water which the tank can hold is V = J (Base)(Height) • 30, where 
Height = h and í (Base) = | h => V = (| h 2 ) (30) = 12h 2 as 12(9.288) 2 =s 1035 ft 2 . 

pressure is p = ¿ / 0 ‘ p(y) dy = J w • y dy = ¿ w [4] ¡ 

44. The forcé exertedby the fluid isF= f 0 w(depth)(length) dy = J 0 w-y • ady = (w • a)f g ydy = (w-a)[£j 



45. When the water teaches the top of the tank the forcé on the movable side is (62.4) (2y/4 - y 2 ) (-y) dy 

= (62.4) Jj4 - y ! ) 1/2 (—2y) dy = (62.4) [f (4 - y 2 ) 3/! ] ° * = (62.4) (f ) (4 s / ! ) = 332.8 fl ■ Ib. The forcé 

width is L(y) = 3 and the depth of the strip is (3 - y). 

Thus, F = f* w(3 - y)L(y) dy = f’( 62.4)(3 - y) - 3 dy 
= (62.4K3) J‘ (3 - y) dy = (62.4)(3) [3y - £] * 

= (62.4)0) (9 - \) = (62.4X3) (¡) = 842.4 ib 
(b) Find a new water level Y sueh that F» = (0.75)(842.4 Ib) = 631.8 ib. The new depth of the strip is (Y - y) and Y is 
the new upper limit of integration. Thus, F y = f 0 w(Y — y)L(y) dy = 62.4 f g (Y - y) - 3 dy 
= (62.4)(3)/’(Y - y) dy = (62.4)(3) [Yy - ?] ’ = (62.4)(3) (y 2 - f ) = (62.4)(3) (^) . Therefore, 



6.6 MOMENTS AND CENTERS OF MASS 



V dm=(í±*)¿(4-x 2 )dx=l(16-x*)dx. The momen, of the píate abou, dt. x-axisis M. = dm 
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píate is M = J*5(4 —x 2 )dx = 5 |4x- yj = 2¿ (8 - |) = ly. Therefore y = ^ Theplate's centerof 

mass is the point (x,y) = (0. y ). 



y dm = ¿ (2x - x 2 ) dx; about the y-axisit isx‘ dm= x*¿(2x — x 2 )dx. Thus, M, = J y dm 

= - i: (!■* 2 ) C*-■O á* = - !/>“*•) dx = - í [í - $]| = - í (2» - ?) = - ! ■:2» (1 - f) 

= - ¥; M, = /X dm = £x - í (2x - x 2 ) dx = í/ o '(2x 2 - *’> = « [í *■ - ?] ’ = í (2 ■ * - J) = *£ = ?; 
M = J dm = J* 6 (2x - x 2 ) dx = 6 J^(2x - x 2 ) dx = 6 £x 2 - = 6 (4 - = y , Therefore, X = ^ 

= (y) = 1 and y = y* = (— y) (¿) = — I ^ Oc,y) = (1,— |) is the center of mass. 



y dm = \ 6 (—x 2 — 3)(1 — x 2 ) dx = \ 6 (x 1 + 3x 2 -x 2 - 3) dx = ¡ i (x 4 +2x 2 - 3) dx;M, = ¡y dm 
= |f/> + 2x 2 -3)dx= 2 í[' + ¥-3x]^ = |.í.2(} + l-3)=3í(!±r=)=-“ ; 
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